NE150/215M Introduction to Nuclear Reactor Theory
Spring 2022

Discussion 9: Multigroup
Diffusion
April 13th, 2022
Helpful Readings: LB Ch. 5, 6

Ian Kolaja
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Warmup

Suppose you have a bare cubical reactor with length a producing
power P whose flux is given by:
X Ty mZ
d(x,y,2) = Acos( a)cos( 7 )cos( c)
Write anintegral that allows you to solve for A.
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Review
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Energy Equation Dependent Diffusion

So far, we've considered neutrons at one energy

In reality, neutrons are born fast and scatter down to
thermal energies, with many neutrons in between

If we split the energy spectrum in multiple groups, we
can get a better model of flux.

Group g
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Multlgroup lefusmn Equation

g'=1 g'=1

Constants

Yrg Ztor,g = Fission, total cross section for group g
X 4/ g = Scattering cross section from group g to g’
v, = Neutrons produced per fission for group g

Xg = The fraction of fission neutrons emitted in group g
D, = Diffusion coefficient for group g
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Application

« Moreaccurate results
— Using more appropriate
datafordifferent energies

« Understand impact of
moderation better

- Better quantify damage to
materials

— Fast flux -> more DPA 1

— Inner fuel
==-Quter fuel i
[PTO— | == ‘Reflector 2

Amplitude of ¢ (n/cm®.s)

10° 10 10° 10' 10’
Neutron energy (eV)
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Two Group Diffusion

- We'reonly considering fast and thermal neutrons
- All fission neutrons are born into the fast group
- There'’s no up-scattering from thermal group to fast group

Thermal group Fast group

A A

E,=0eV E, = leV E, = 10MeV
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Two Group Diffusion

Starting from the most general form...
2

2
1
—D; V¢, + i1 = z Zs,g’—>1¢g’ +EX1 z sz,g’(pg’

g'=1 g'=1
2 2
1
—D, V2, + Xen¢p, = 2 Xsg'52®Pg' +EX2 z RYPUPY
g'=1 g'=1

Beﬂ{de / NE150/215M - Discussion- lan Kolaja

UNIVERSITY OF CALIFORNIA




Two Group Diffusion

Assumption: All fission neutrons are born into the fast group
(1 =1, X2 = 0)

—DV2y +2p 11 = z Yo g1y T 1 (1) z VIf 51Dy

—D, V2, + Zeph, = Z 2s,g'>2Pyg’ +_€9}%‘£—r¢_’
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Two Group Diffusion

Assumption: All fission neutrons are born into the fast group
(1 = 1 X2 =0)

—DVepy + I = z Xsg'»1Pg" T 7 Z VEf g1 Py
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Two Group Diffusion

Assumption: There’s no upscattering from thermal group to
fast group

2 2
1
_D1V2¢1 + 2t,1¢1 - z Zs,g'—>1¢g' +E Z VZf’g/¢g/
g'=1 g'=1
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Two Group Diffusion

Assumption: There’s no upscattering from thermal group to
fast group

2
1
—DiV?py + 211 = Zg o101 + 2 z VIf 51Dyt
g'=1
—D;VPepy + Z o2 = Zs 1201 + X522
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Two Group Diffusion

We define aremoval cross section:
2R,1 — Zt,l — 215,1—>1
The probability of neutrons within group 1 being removedas a

result of scattering
2

1
—D;V?¢y +Zp 11 = 2 z 1R PU P
g'=1

_D2V2¢2 + z:a,zf,bz = 25,1—>2¢1
Sincethere’sno upscattering, ZR’Z = Zt,z — 25,2—>2 = Za,z
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Two Group Diffusion Derivation
When we expand the fission sum, we get our result from lecture:

1
_D1V2 ¢$1 +2Ep1¢1 = E (V1Zf,1¢1 + szf,z ¢2)
_D2V2¢2 + z:a,z(,bz = Zs,l—>2¢1
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Two Group Diffusion

For uniform systems, you can substitute:
Vigg = —B%¢,
To get
1
DiB*¢; +Zp 11 = 7 (V1Zf,1¢1 + szf,zﬁbz)
DB, +2q202 = Zs 15204
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Two Group Diffusion
To solve for k, you can solve the system of equations:
b2 b1

— z:S,1—>2
B?D, + a2

Substitutein ¢,

2 1 2:S,1—>2
DBy +2Ep 101 = 2 V1Zr 101 + VoXs o B2D, + 3., ¢4
a,

Cancelout ¢,, and solve for k:
_ Vi2f 1 + L5 1-2V225 2
DiB? +ZXp; (D1B? +ZXg1)(D;B* +%,,)

Beﬂ{de / NE150/215M - Discussion- lan Kolaja

UNIVERSITY OF CALIFORNIA




Two Group Diffusion Solution on Slab
with Reflector

Reflector Reactar Reflector

-a/2-hb -a/? a/? a/l+h

http://www nuclear-power.net/wp-content/uploads/201 6/10/Two-Group-Method-Reflected-Reactor.png?a34b7f
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Multigroup Matrix Form

For more than 2 groups, it’s helpful to write the
multigroup equation in matrix form

M captures your diffusion, scattering, and removal
terms

F captures your fission terms
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E,
- You may be given
assumptions about Ee

E—l

Multigroup Coupling @
A\ |

which groups can scatter va
towhich groups L . e

- Usually, thermal —: . E E
neutrons can upscatter
tootherthermal groups, _/ , . .
but fast neutrons can’t  welos ey N
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Example 1: Four-group Diffusion Equation

Suppose you have a slab reactor with uniform material properties.
Derive the four-group diffusion equation in matrix formassuming

- Thermal neutrons are contained only in the lowest group.
- Fission neutrons are all born within the upper two groups.
- Thereisadirect coupling between all groups.

- Thereisnoup-scattering.
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Example 1: Four-group Diffusion Equations

Because thereis no up-scattering, and there is direct
coupling, all scattering leads to the group below

Group g | Thermal? | Fission Source? | Scattering to other groups

1 No Yes Down to 2
2 No Yes Down to 3
3 No No Down to 4
4 Yes No None
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Example 1: Four-group Diffusion Equations

4
d? X
Group 1: —D, qul(x) + Zp 101 (x) = Tl z Vi g Pyl
g'=1
d? X N
Group 2: —D, ) G2(x) + Zg P2 (%) — Zg 15,91 (%) = ?2 z VifgiPgr

g'=1
d2

Group 3: —Ds 2 $3(x) + Zp3¢3(x) — Zs253¢2(x) =0
2

d
Group 4: _D4W G4 (x) + Zgapa(x) — Z53,4¢3(x) =0
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Example 1: Four-group Diffusion Equations

i 2
_D1 w + ZR,l 0
d2
—X51-52 —D, dx2 + Xpo
M =
0 _25,2—>3
0 0
X1VZr1 X1VZf2 X1Virgs3
F = X2VEr1  X2VEZf2  X2Vifs3
0 0 0
0 0 0

Berkeley

0

0
d2
—D3—— + 3
3dX2 R,3

_ZS,B—>4
X1VZf 4]

X2 sz,4
0
0

—Dy—— +3
4dx2 R,4'_

0

0

0
dZ

M ¢ =

$2(x)
$3(x)
P4 (x)

$1(x)
d) ) :|

EQ
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Example 2: Five-group Diffusion Equation

Suppose you have a slab reactor with uniform material properties.
Derive the five-group diffusion equation in matrix form assuming:

- There are 2 fast groups and 3 thermal groups

«  Theupper two groups have a fission source

- Thereisdirect coupling between the fast groups
- Upscatteringis allowed for the thermal groups

« Direct coupling applies to both downscattering and upscattering
in the thermal groups
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Example 2: Five-group Diffusion Equation

Group g | Thermal? | Fission Source? | Scattering to other groups

1 No Yes Down to 2

2 No Yes Down to 3

3 Yes No Down to 4

4 Yes No Down to 5, upto 3
5 Yes No Upto 4
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Example 2: Five-group Diffusion Equations

d2
—D1 W + ZR,l

_Zs,l—>2

0

d2

0

0

(X1VIf1
X2Vifq
F=1 0
0
0

0

0

0

Berkeley

UNIVERSITY OF CALIFORNIA

X1VEf
X2V 2
0
0
0

—D2 W + ZR,Z

_25,2—>3

0

0

X1VEf3
X2Vif3
0
0
0

X1VEf 4]
X2Vif 4
0
0

0

2

—D3 W + ZR,3

_25,3—>4
0
¢2(x)

¢3(x)
¢4(x)

(1 (20)]

0

0

_25,4—>3
d2
_D4 E + ZR,4-

_25,4—>5

L5 (x)]
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_25,5—>4
dZ

—Ds W + ZR’5_




Example 2: Five-group Diffusion Equations

d2
—Ds dxZ +2p1 0 0 0 0
d2
—25’1%2 —D2 W + ZR,Z 0 0 O
2
M = 0 —25,2_>3 —Ds W + 2:R,3 _25,4—>3 0
d2
0 0 —X5,3-4 _D4E + 2R 4 —Xg,5-4
dZ
_ 0 0 0 —Z54555 —Ds o7 + Zrs)
" What if direct coupling doesn’t apply to downscattering?
ALY “=T,L ALY =T ,L ALY =TS ALY =T 4 ra~ - -
F=1 o 0 0 0o ¢={¢s™ M¢:—£¢
0 0 0 0 $a(x) — L —
0 0 0 0 ¢s(x)

Berkeley
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Example 2: Five-group Diffusion Equations

g
~Dy 5+ ks 0 0 0 0
d2
—25’1%2 —D2 W + ZR,Z 0 0 O
2
M= —X5,13 —X5253 —D3 dx? + 2R3 —X5,43 0
d2
—Xs5,14 —X52-54 —X5354 _D4E + 2ZRa —Xg,5-4
dZ
—Xs5,1-5 —Xs5,255 —Xs,3-5 —Xs5,4-5 —Ds o7 + Zrs)
What if direct coupling doesn’t apply to downscattering?
AZY=], L AZY=],Z AZ'=],3 AZ'=]4 -
F=[ o 0 0 0o | ¢=|e@ M@Z—_gb
0 0 0 0 $a(x) — L —
0 0 0 0 ¢s(x)
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Homework 9 Tips

« For thetwo-group diffusion equation problems, assume the
coreis bare and use familiar geometric buckling terms

— We'vedone the first few steps

 For thefour-group diffusion equation example, write down
what assumptions about scattering you're working with.

— There's nodirect coupling assumption!
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Homework Q/A
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Problem 1) Calculating Power Density

—_— r

Power Density at ¥ = p""' = EfZ¢¢p(7) [cm3]

- Remember, the diffusion equation gives us the flux shape
without a magnitude

4 2.405 ) (E )
¢ =A4Aj, B T | cos HZ
- HowdowefindA?

— You must scale the flux using the total power of the reactor

— Thisrequiresintegrating power density over the volume of
the reactor - review examples indiscussion 7
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Problem 2) Reflector Savings

Reflector Savings = R2%¢ Rreflected

critical = "critical
- Without areflector, your criticality condition is just B = B7,
« With areflector, you have to deriveit

— Usetheinterface BC condition

— You'll need to use Fick's law to get the current

— See example at end of Discussion 8
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Problem 3) Reflector Savings

- Youcanreuse thecriticality condition from problem 2

Part e) requires you to, once again, normalize the flux
with the power

Some helpful definitions for part f)

1
PPF = ¢max, where ¢y, = = f odV
¢avg V 1%

Berkeley
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Problem 4) Reflector Savings

- Unity means 1!
— Thus,when the core materialis infinite, k,, > 1
— When the breeding blanket is infinite, k., < 1

— This meansusing different general solutions (trig vs exp) for
different regions (see: useful__formulae.pdf on bcourses)

« Getasfarasyoucan with simplifying the criticality condition

— Setting up the problem is the most important
coshx e*+e™

cothx = — =
sinhx eX—e*
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